Abstract. The article is devoted to the alternating Cantor series. It is proved that any real number belonging to [a 0 − 1; a 0 ], where
Introduction
At present investigating of various numeral systems is useful for development of metric, probability and fractal theories of real numbers, for study of fractal and others properties of mathematical objects with complicated local structure such as continuous nowhere differentiable or singular functions, random variables of Jessen-Wintner type, DP-transformations (transformations preserving the fractal Hausdorff-Besicovitch dimension), dynamical systems with chaotic trajectories, etc. [10, 17] .
There exist systems of representation of real numbers with finite or infinite alphabet, with redundant digits or with zero redundancy. An sadic numeral system is an example of real numbers encoding by finite alphabet and numbers representations by Ostrogradsky [1, 3, 8] , Sylvester [9] , Lüroth series [12, 18] , or regular continued fractions, A 2 -continued fractions [5] , polybasicQ-representation [10] , etc., are examples of encoding of real numbers by infinite alphabet. Representation [4, 7, 13, 14] by the positive Cantor series
where (d n ) is a fixed sequence of positive integers, d n > 1, and (A dn ) is a sequence of sets A dn ≡ {0, 1, ..., d n − 1}, is an example of polybasic numeral system with zero redundancy. The last-mentioned encoding of real numbers has finite alphabet, when the sequence (d n ) is bounded. It is obvious that real numbers representation by the positive Cantor series is generalization of classic s-adic numeral system. It is easy to see that the series is "similar" to the following series
where, (a n ) is a monotone non-decreasing sequence of positive integers, a 1 ≥ 1. This series is Engel series [11] .
In 1869, Georg Cantor [4] considered expansions of real numbers in the series (1) . Now there exist many papers [4, 6, 7, 13, 14] devoted to study properties of representation of real numbers by the positive Cantor series but many problems related to these series are not solved completely. For example, criteria of representation of rational numbers, modeling of functions with complicated local structure, etc.
Since expansions of numbers by the positive Cantor series are useful for study complicated objects of fractal analysis, I introduce a notion of the alternating Cantor series. The alternating Cantor series is not considered in publications earlier and generalizes nega-s-adic numeral system. In the paper I give a foundation of metric theory of representation of real numbers by the alternating Cantor series and consider some related problems of mathematical analysis.
The object of research
Let (d n ) be a fixed sequence of numbers from N \ {1} and (A dn ) be a sequense of sets A dn ≡ {0, 1, 2, ..., d n − 1}. Definition 1. The sum
where ε n ∈ A dn for any n ∈ N, is called the alternating Cantor series.
A number d n is called the nth element and ε n is called the nth digit of the sum (2) .
Let us denote by ∆ −D ε 1 ε 2 ...εn... any number having representation (2) . This notation is called representation of x by the alternating Cantor series or nega-D-representation.
If sequence (d n ) is a purely periodic sequence with simple period (s), where s > 1 is a fixed positive integer number, then the sum (2) will be transformed into the following sum
The last-mentioned sum is nega-s-adic representation of numbers from [− 1.
where α n belongs to finite subset of positive integer numbers and 1 < s ∈ N is a fixed number and ε n ∈ {0, 1, ..., s αn − 1} for each n ∈ N.
2.
, ε n ∈ {0, 1, ..., n}.
3.
where (p n ) is an increasing sequence of all prime numbers. Lemma 1. Every alternating Cantor series is absolutely convergent series and its sum belongs to [a 0 − 1; a 0 ], where
Proof. The statement of the lemma follows from the next propositions
• the series
where S is a sum of (2).
Lemma 2. Following relations
are true for residual r n of the series (2).
Representation of real numbers by the alternating Cantor series
Lemma 3. Each number x ∈ [a 0 − 1; a 0 ] can be represented by the series (2).
Proof. It is obvious that
.. . Since x be an arbitrary number from (a 0 − 1; a 0 ),
with 0 ≤ ε 1 ≤ d 1 − 1 and since
it is obtained that
, then following cases are obtained:
1. If equality
holds, then
If the equality is false, then
In the same way, let
In a different case
So, for positive integer m,
Moreover, the following cases are possible:
The last-mentioned inequality is an equality in the following case
That is conditions of the first system follow from x = x ′ in the case. It is easy to see that second system conditions follow from x = x ′ on the assumption of ε ′ m = ε m + 1. It is obvious that sufficiency is true.
.. of the number x from [a 0 − 1; a 0 ] is called periodic if there exist numbers m ∈ Z 0 and t ∈ N such that the equality ε m+nt+j = ε m+j is true for arbitrary n ∈ N, j ∈ N.The number is denoted by
The tuple of digits (ε m+1 ε m+2 ...ε m+t ) of the last-mentioned representation is called period and the number t is a length of the period. The representation is a purely periodic, if m = 0, and the representation is a mixed periodic, if m > 0.
. of x is a quasiperiodic, if there exist numbers m ∈ Z 0 , t ∈ N and functions φ 1 , φ 2 , ..., φ t (mapping sets A dn in A dn for each n ∈ N ) such that
The following numbers are quasiperiodic: 
To avoid some inconveniences in the sequel one can modify notation (2) of the alternating Cantor series to
where ε n ∈ A dn , such that
It is easy to see that
where
The fact of representation of
. Number d n is called nth element and ε n = ε n (x) is nth digit of the sum (3).
Some properties of representation of real numbers by the alternating Cantor series
Let x = ∆ −D ε 1 (x)ε 2 (x)...εn(x)... and y = ∆ −D ε 1 (y)ε 2 (y)...εn(y)... .
Proposition 1.
For any numbers x and y from [−1+ a 0 ; a 0 ] the inequality x < y is true iff there exists m such that ε n (x) = ε n (y) for n < 2m and ε 2m (x) < ε 2m (y) or ε n (x) = ε n (y) for n < 2m − 1 and ε 2m−1 (x) > ε 2m−1 (y).
..ε 2k+1 (0) and ε i = 0 for all i = 1, 2k + 1. Then the following twosided inequality is true:
Proof. The proposition follows from the equality
Proof. It is obvious that the proposition is true because
Relation between representations of real numbers by the positive Cantor series and the alternating Cantor series
Let (d n ) be a fixed sequence of positive integer numbers such that d n ≥ 1.
For any x ∈ [0; 1] there exists sequence (α n ): α n ∈ A dn such that
It is obvious that
but this representation is a representation of x by the positive Cantor series with sequence elements (d
Now let us consider representation (2) . Using the same technique, it is obtained that
for not all values of ε 2n−1 and ε 2n . Thus the nega-(d n )-representation of the number x can be used in this case.
Indeed, for
Thus, the number (
for real numbers nega-(d n )-representation always and
The next proposition follows from (4) and (5).
Lemma 5. The following functions are identity transformations of [0; 1]:
= y. Therefore, the following functions are DP-functions (functions preserving the fractal Hausdorff-Besicovitch dimension) on [0; 1]:
Lemma 6. The following equalities are true: A shift operatorφ of the sum (2) on the set F
Shift operator
−D [−1+a 0 ;a 0 ] is defined bŷ ϕ ∞ n=1 (−1) n ε n d 1 d 2 ...d n = ∞ n=2 (−1) n−1 ε n d 2 d 3 ...d n , ϕ(∆ −D ε 1 ε 2 ...εn... ) = ∆ −D 1 ε 2 ε 3 ...εn... = −d 1 ∆ −D 0ε 2 ...εn... .
The operator generates a functionφ, that
n-fold application of the shift operatorφ leads to the operatorφ n , thatφ
A generalized shift operatorφ m of the sum (2) is defined by the following way:
Remark 3.
An application of the shift operatorsφ orφ m leads to transition to "other" numeral system because for arbitrary number x ∈ [a 0 − 1; a 0 ] sequences (ε n ) and (d n ) are fixed in sum (2).
It is easy to see that the operatorφ has exactly d 1 invariant points, that
The operatorφ is not bijection because the points ∆ −D ε 1 ε 2 ...εn...
(ε 1 = 0, d 1 − 1) are preimages of the point ∆ −D 1 ε 2 ε 3 ...εn... . If a sequence (d n ) is purely periodic with period of length k, then the mappingφ has periodic points of period of length k, k ∈ N, i. e.
Lemma 7.
The following set is invariant under the mappingφ, if a sequence (d n ) is a purely periodic sequence with simple period:
is an invariant by the mappingφ k , if sequences (d n ) and (V n ) are purely periodic with period of length k.
A shift operatorφ of representation by the alternating Cantor series
It is obvious that the mappingφ is not always well defined. In fact, for not all alternating Cantor series the inequality ε n+1 ≤ d n − 1 is true. The next proposition follows from the last-mentioned inequality.
Lemma 8. The operatorφ is well defined iff for a sequence (d n ) of elements of the sum (2) for arbitrary n ∈ N the following inequality is true:
Remark 4. In Lemma 8, one can understand that operator is well defined in the wide sense, i. e., for arbitrary x ∈ [a 0 − 1; a 0 ]. Really, for any sequence (d n ) there exist points from [a 0 − 1; a 0 ] such that the functioñ ϕ is well defined in these points.
Proof.
The proposition of the lemma follows from the last-mentioned expression.
Lemma 10. Let x be a fixed number. If there exist m ∈ Z 0 and c ∈ N such thatφ m (x) =φ m+c (x), then
Proof. The proposition follows from the next equality:
Lemma 11. For arbitrary k ∈ N the following equalitieŝ
are true.
The next proposition follows from the last-mentioned lemma.
Lemma 12. For arbitrary numbers m ∈ N and c ∈ N the equality
is true.
Theorem 2. The mappingφ is decreasing on each first rank interval
be an arbitrary points from the interval ∇ −D c such that x 1 < x 2 . ϕ(x 1 ) >φ(x 2 ) because ε n (φ(x)) = ε n+1 (x) and the Proposition 1 is true for x 1 and x 2 .
The next proposition follows from this theorem. lim m→∞φ (x m ) =φ(x) because ε n (φ(x)) = ε n+1 (x). So, the mappinĝ ϕ is continuous in x.
Let x 0 be a certain nega-D-rational point from ∇ −D c , i. e.,
Indeed, existence of left and right finite limits in each point of this interval follows from monotonicity and boundedness of mapping.
Let us consider a question of continuity ofφ in
The ends of the interval ∇ −D c are jump points ofφ becausê
Theorem 4. If the mappingφ has derivative at point
Proof. Letφ has derivative at point x 0 , then for a sequence (x m ) of numbers ∆
Corollary 2. The mappingφ k has not derivative at any nega-D-rational point.
Representation of rational and irrational numbers
An idea of the shift operator of the sum (2) is effective for formulation of criteria of rational numbers representation by the alternating series. Analogously to [14] , the main propositions can be formulated by the following way. The following propositions are equivalent.
Theorem 6.
A number x 0 ∈ [0; 1] is rational iff there exist k ∈ Z 0 and t ∈ N such thatφ k (x) =φ t (x).
Theorem 7.
A number x 0 ∈ (−1 + a 0 ; a 0 ) is rational iff for its nega-
Theorem 8.
A number x is rational iff the sequence (φ k (x)), where k = 0, 1, 2, ..., has at least two identical terms of the sequence. 
Geometry and foundation of a metric theory of the nega-D-representation

Lemma 14. Nega-D-cylinder is a closed interval and
for an even number m and
for an odd number m, where
Proof. Let m be an even number and
where ε j ∈ {0, 1, ..., d j − 1}. Then
Lemma 15. Cylinders ∆ −D c 1 c 2 ...cm have the following properties.
1.
, m is an even,
m is an odd.
2.
sup ∆
m is an even;
, m is an odd.
3.
|∆
where e m = 0 in the last case.
10.
Proof. Properties 1 and 2 follow immediately from the definition of ∆ −D c 1 c 2 ...cm . The Property 3 is a corollary of these properties. Properties 6 and 7 follow from the property 3.
Property 4. Let m be an even positive integer number. It is proved
where the inequality is an equality in
≥ 0, where the inequality is an equality in the case of c = 0. Similarly, the last-mentioned inequality system is true in the case of an odd m.
The Property 5 follows from the Property 4 and the definition of
The property 9 follows from properties 1, 2 and 8. 
Lemma 17. The Lebesgue measure of ∆ k c is equal to
...
Corollary 5. The Lebesgue measure of the set ∆ k c of numbers such that its elements have a digit ε k = c on position k of their nega-Drepresentations
Lemma 18. Diameter of the set ∆ k c is calculated by the following formula
Proof. Let k be an even number,
Let k be an odd number, then
Let (c 1 , c 2 , ..., c m ) and (k 1 , k 2 , ..., k m ) are fixed tuples of positive integer numbers such that 
Proof. Let us consider the set
are situated on positions k 1 and k 2 respectively in nega-Drepresentations of elements of the set.
Corollary 6. Sets ∆ k 1 k 2 ...km c 1 c 2 ...cm are metrically independent, i. e.
Faithfulness of nega-D-cylinders for the Hausdorff-Besicovitch dimension calculating
Let E be a bounded subset of [a 0 − 1; a 0 ]. where for arbitrary n ∈ N λ 1 and λ 2 are fixed numbers. It is true iff a sequence (d n ) is bounded.
In 2013, several authors [16] considered general necessary and sufficient conditions for a covering family to be faithful and new techniques for proving faithfulness/non-faithfulness for the family of cylinders generated by expansions of real numbers by positive Cantor series. 
Set of incomplete sums
